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Edge fusion on a regular edge-coloured graph is the following operation: delete 
an edge e, its parallel edges, and its endpoints, and make a new edge coloured c out 
of the two c-coloured edges formely adjacent to c. for all possible colours. This 
paper provides a complete analysis of the effect of edge fusion on bipartite 4-edge- 
coloured graphs and on the 3-dimensional pseudocomplexes represented by 
them. c 1991 Academic Press, Inc. 
1. INTRODUCTION 
The study of graphs representing PL-manifolds (gems and, in particular, 
crystallizations) [P, F,, LM] has the purpose of finding connections 
between combinatorics and topology. In the last few years, after an initial 
effort in aligning the theory with other current representations (by per- 
forming the combinatorial computation of topological invariants [G,, L,, 
DV,], the graphical interpretation of homeomorphism [FG, F,], etc.), 
some work has been done in introducing new techniques from a totally 
combinatorial view point (e.g., definition and study of new classes of 
3-manifolds in [LM, L4] and edge shellability in [V2, V,]). 
This paper is more on the latter line, and it is meant to provide, for 
n = 3, an analysis of the most simple and natural reduction process for an 
(n + 1 )-edge-coioured graph, namely, “edge fusion” (see later in this 
section). This operation arises quite naturally in the study of equivalent 
graphs in the case of dipoles [FG]. It was later extended to the detection 
of handles [LM, G,, L,]. 
The choice of dimension three was made because this dimension is 
the first nontrivial dimension and is still basically unknown. In fact, the 
screening of the cases of the effects of edge fusion is already quite 
complicated, as it exhibits 29 different types of edge occurrences (up to 
symmetry) (Section 2). 
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Section 3 focuses the study on gems and reveals that, surprisingly 
enough, only one type of fusion makes the represented space fail to be a 
manifold. Unfortunately, the same analysis (together with the quoted 
results on handles) shows that every edge in a minimum crystallization is 
of this type (Corollary 11). 
In [Fz] it was proved that the moves, joining any two crystallizations of 
a manifold, can be restricted to moves involving a prefixed colour. So, in 
our analysis of fusion sequences, with the groundlying idea of considering 
a fusion as a “false move,” it makes sense to restrict fusion to edges of a 
prefixed colour (Section 4). Indeed, some interesting facts are obtained, 
above all in connection with the use of “paintings,” introduced in [Ls]: the 
classification of edges (with respect to their fusions) becomes particularly 
easy. These classes are shown to form a sort of natural “hierarchy.” 
From the topological point of view, the main contribution of this work 
is Theorem 10, part (c), which implies that some edge fusions may 
correspond to the elimination of ~M’O handles. 
For graph theoretical notions we refer to [BM] and for PL-topology to 
[RS]. By an (n + l)-edge-cofoured graph or simply (n + 1)-graph, we mean 
a finite graph G (possibly with multiple edges but free of loops) regular of 
degree n + 1, endowed with a proper edge colouring, d, = (0, 1,2, . . . . n} 
being the colour set. For any &Y E d,, G,# denotes the spanning subgraph 
of G generated by the edges with colours in S?f. A B-coloured residue of G 
is a connected component of G,[V,]. The term i-residue indicates a 
@-coloured residue for some .% of cardinality i. We set 2 = d, - (c‘, for all 
CEA,. 
Let G be an h-graph (for some h > 1) and p, q vertices of G. We denote 
by G fus{ p, q j the h-graph obtained from G by (p, q}-jusion, which is 
defined as follows: (1) its vertices are the ones of G except p and q; (2) two 
vertices of G fus{ p, q} are joined by an edge coloured c if they are so in 
G or if one of them is joined (in G) to p and the other to q by c-coloured 
edges. Given an edge e of G with endpoints p and q, the fusion of e is the 
passage from G to G fus(p, q}. 
Let p and q be adjacent vertices of G and e,, . . . . e,, be the edges joining 
them; if p and q belong to distinct g-residues, for B the complement in A, 
of the colour set of e,, . . . . e,,, then the subgraph of G generated by p and 
q is called a dipole of type h [FG]. In this case, the passage from G to 
G fus { p, q > is called elimination of the dipole; the passage from G fus{ p, q} 
to G is the introduction of the dipole. 
A pseudocomplex [HW, p. 493 is a generalized simplicial complex in 
which simplices may intersect in more than just a single simplex, but may 
not have self-intersections. A pseudocomplex K(G) can be constructed from 
the (n + If-graph G as follows: consider an n-simplex Q(X) for each vertex 
x of G and label is O-faces in l-1 correspondence with A,,. Then, if x and 
TOPOLOGICAL ASPECTSOFEDGEFUSIONS 229 
y are joined by an i-coloured edge in G, identify the (n - 1)-faces of a(x) 
and a(y) which are opposite to the i-labeled O-faces, so as to match the 
labels of the other O-faces. Graph G is said to represent the underlying 
topological space IK(G)I of K(G) and every homeomorphic polyhedron. If 
the polyhedron is a PL-manifold, any two (n + 1)-graphs representing it 
are connected by a finite sequence of moves, each one consisting of an 
elimination or of a creation of a dipole [FG, F,]. These operations do not 
change the represented space. 
Throughout, we are interested in the case n = 3. Given a 4-graph G, call 
u, E, 6, t its number of vertices (or of O-residues), of edges (or of l-residues), 
of 2-residues, and of 3-residues, respectively. These residues correspond 
respectively to the tetrahedra (3-faces), triangles (2-faces), edges (l-faces), 
and vertices (O-faces) of K(G). The equality u + t = b characterizes the 
4-graphs G representing 3-manifolds [G,, LM]. A 4-graph satisfying this 
equality is called a 3-gem (3-dimensional graph encoded manifold). As 
remarked in [LM, p. 2641 for any 4-graph G the inequality u + t 2 b holds, 
while the corresponding equality defines 3-gems. It makes sense, then, to 
define the agemality cc(G) of a 4-graph G as the nonnegative integer 
v + t - b, which vanishes exactly on gems. 
An edge of a 4-graph G is said to be an {i, j}-diagonal if its colour 
is neither i nor j and its endpoints are nonadjacent vertices of the same 
{i, j}-coloured residue. Diagonal means {i, j}-diagonal for some i, j. 
An edge is said to be of class r: (1 <s<4, O<r~(~y’)) if there are 
s- 1 edges parallel to it (i.e., with the same pair of endpoints) and it is 
an {i, j)-diagonal for r unordered pairs {i, j]. 
2. GENERAL ANALYSIS 
We now carry out the analysis of edge fusions in the class %* = {G ) G is 
a bipartite 4-graph}. Then the corresponding class of topological objects is 
formed by orientable 3-dimensional pseudomanifolds and all orientable 
3-manifolds are contained in it. Note that ?J* is closed under fusion. No 
loss of generality occurs by fixing the colour (which is 0) of the edges of 
a fusion. 
LEMMA 1. Let H be a bipartite connected 3-graph (with co/our set 
{a, 6, c}) and e be an a-coloured edge of H. (i) If the endpoints p, q of e 
belong to distinct components of H,, then H fus(p, q} is connected; (ii) ife 
is a (b, c}-diagonal, then H fus(p, q} has at most two components. 
Proof. Let C’, C” be the { 6, c}-residues of H to which p and q, respec- 
tively, belong, and C = C’ u C”; obviously, in case (ii), C’ = C” = C. Every 
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vertex of H either belongs to C or is connected to some vertex of C by a 
path which does not contain p or q, since {p, q} is adjacent only to vertices 
of C. In H fus { p, q} those paths remain unaltered. 
The effect of fusion of e is that in case (i) C’ and C” become one cycle, 
and in case (ii) C splits into two cycles. The statement follows in both 
cases. 1 
Remark. Note that the case of splitting into two components may 
actually occur. Examples are easy to construct. 
For a given GE Y*, for all iG A 3r let ti, gi denote respectively the number 
of components and sum of genera of faithful embeddings of components of 
Gi. We recall that an embedding of a 3-coloured graph is faithful 
(or regular) if the boundaries of the 2-cells are 2-edge-coloured (cf. 
[L,, L,, G3]. The surface into which Gi faithfully embeds is actually the 
one represented by Gi. For colours i#j, let 6, be the number of com- 
ponents of G (I, ji. Finally set 
to= ti + t2 + tj, 
go=&Ti+gi+g3~ 
h=b,,+b,,+b,,, 
bo = bo, + bo, + bo, 
(ti, g,, bi, 6, are defined analogously for i#O). For any such symbols, a 6 
placed before them (e.g., ht,) means the difference of the value of that 
quantity after the fusion of an edge minus its value before the fusion. 
PROPOSITION 2. The possible set of values of 6ti, ie A,, in the case of a 
fusion of a 0-coloured edge is, according to the type of the edge, as follows 
(up to permutations of the colors 1, 2, 3): 
Stfj -1.0 0 0,l 0,1,2 0 0,l 0 -1 
617 0 0 0, 1 0, 1 0 0 0 -1 
Sli 0 0 0.1 0,l 0 0 0 -1 
St3 0 0,l 0 0, 1 0 0,l -1 -1 
Proof: By checking the single cases. Let e be the 0-coloured edge of the 
fusion and p, q its endpoints. 
ry: p and q may or may not gelong to the same 6-coloured residue; if 
they do, they must belong to distinct pairs of (i, j}-residues, for i, j distinct 
members of { 1,2, 3 }. These residues are cycles which coalesce under the 
fusion, so the o-residue does not split. If they belong to different residues, 
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the fusion makes them coalesce. Therefore, Stg is either 0 or - 1. The other 
values of the column in the table come from Lemma l(i). 
r:: As implicitly assumed in the table of the proposition let e be a 
{ 1, 2}-diagonal. Then the vertices p and q necessarily belong to the same 
&residue, which does not split in the fusion, as in the preceding case. This 
accounts for 6to. Lemma l(i) grants that 6tr and 611: both vanish, and 
Lemma l(ii) assures that the increase of 6tj can only be 0 or 1. 
rf : We assume that e is a { 1, 3)- and a (2, 3}-diagonal. The two 
3-coloured edges adjacent to e may or may not form a bond (i.e., a minimal 
set of edges whose deletion increases the number of components of a graph 
[BM]) in the graph Go. If they form a bond, to increases by 1; if not, tn 
remains unchanged. Lemma l(ii) yields the result for tr and ti, while part 
(i) of the same lemma accounts for tj. 
r:: Let pi (resp. q,), for i= 1,2, 3, be the other end of the i-coloured 
edge incident to p (resp. to q). After the fusion let e, be the i-coloured edge 
with endpoints pi and qi. The increase on tg is either 0, 1, or 2, according 
to the number of &coloured residues containing e, , e,, e3 (the three cases 
occur). Lemma 2(ii) takes care of ti, i # 0. 
r:: For each colour i, the fusion turns out to be a dipole elimination 
in the gem Gi. 
~1: We are assuming e to be (1, 2}-diagonal. Lemma 1, parts (i) and 
(ii), once more yields the result. 
5:: Here we assume that the edges parallel to e are coloured 1 and 2; 
then the fusion is a dipole elimination in the gems Gi, i # 3, and the dele- 
tion of one component of Gj. 
T:: The fusion cancels out the component of G which includes e, and 
so Sri= -1, for I’d,. 1 
LEMMA 3. For every colour i, 
1 +66- 
6g,=6t,-2. 
Proof: By considering the Euler characteristic of the involved surfaces 
we have 
b;=i+Zt,-2g, or ,j=;(;+2ri-hi). 
The result follows from 6v = -2. 1 
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COROLLARY 4. The agemality a(G) of a 4-graph G equals Cic d, gi. 
ProoJ: By adding the four equalities on the left of the previous proof we 
obtain b=v+t-CiE3, g;. The result follows from the definition of 
agemality. 1 
PROPOSITION 5. The effect on 6b6, 6b,, dtg, 6t,, Sg6, 6g,, of the fusion 
of a Q-coloured edge in a graph G of 9* is as follows: 
Tl 0 -3 0 -1 
0 
Tf -1 0 0 
0 
?f +1 0 0 
0 
0 
+I 
fl 
+I 
TI 3 +3 0 0 
0 
0 
0 
+I 
+I 
+I 
+I 
+2 
+2 
+2 
+2 
7; -1 -1 0 
T: +1 -1 0 
0 
+I 
+I 
TI: -1 -2 0 
T4 0 -3 -3 -1 
0 
0 
0 
1 
0 
+I 
+2 
0 
+1 
+2 
0 
+1 
+2 
+3 
0 
+l 
+2 
+3 
0 
+1 
+2 
f3 
0 
0 
+1 
0 
+I 
-1 
-3 
0 
+1 
0 
0 
-1 
-1 
-1 
0 
0 
0 
-2 
-2 
-2 
-2 
-1 
-1 
-1 
-1 
0 
0 
0 
0 
0 
-1 
-1 
0 
0 
0 
0 
0 
0 
-1 
0 
-2 
-1 
0 
-2 
-1 
0 
-3 
-2 
-1 
0 
-3 
-2 
-1 
0 
-3 
-2 
-1 
0 
0 
-1 
0 
-1 
0 
0 
0 
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Proof: The table has been compiled by considering all possible com- 
binations of numbers 6tj, within the sets permitted by Proposition 2. The 
numbers 6b, are easily computed from the definition of fusion and of the 
classes z. Finally, the numbers 6g, are obtained via Lemma 3. 1 
COROLLARY 6. There exists exactly one type qf edge fusion (out of the 
29) which increases the agema&> 
Proof: It follows from Corollary 4 that &X(G) equals 8gg+bg0. From 
the above table, only the second type of fusion has this sum positive. 1 
Remark. All cases listed in Proposition 5 actually occur. A family of 
examples was obtained by suitable modifications of the cases (dta, dt,) 
equal to (2,O) and (0, 3). See Figs. la and 1 b. 
By a complete fusion sequence in a 4-graph GE 9* we mean a sequence 
of fusions of 0-coloured edges of G such that the resulting graph is empty. 
Given a complete fusion sequence of a graph GE 9*, let h/ denote the 
number of fusions of edges of class z;, and let t and CI be the number of 
3-residues of G and its agemality. 
COROLLARY 7. For any complete fusion sequence the expression 
hy-h:-3h;-5h;-2h;+h;+4hi 
is a constant and equals t-a. 
*-----4 0 
-1 
-2 
*r--x--i4 3 
---- .’ -- _______ 
(a) (b) 
FIGURE 1 
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Proof At each fusion we have 
Thus, by Proposition 5, in the fusion of an edge of classes ~7, r:, z:, r:, 
z;, z:, T;, +, the difference 6t -6~ equals respectively - 1, 1, 3, 5, 0, 2, 
- 1, -4. The corollary follows from the fact that the number of 3-residues 
and the agemality of the empty graph both vanish. 1 
Remark. Note that the only type of edge whose fusion gives no 
contribution in the above expression is rt, which for gems is a dipole of 
type 2. This type of edge plays a role analogous to the 6-valent vertices in 
the theory of discharging used to prove the 4-Colour Theorem. 
3. THE CASE OF GEMS 
Given a 4-graph G, a pi-pair (0 d id 3) is a pair of edges {e, , e2} of the 
same colour which appears together in exactly i 2-residues. If the graph G 
is bipartite, we define the commutation of the PI-pair to be the passage from 
G to G’ obtained by replacing e,, e2 by another pair of edges of the same 
colour, having the same endpoints, and preserving a fixed bipartition. 
There is only one possibility for this interchange, and so commutation is 
well defined. Moreover, commuting a Pi-pair in graph G yields a p,3 ~ i,-pair 
in graph G’. 
LEMMA 8. Let G be a bipartite 3-gem. If G’ is the 4-graph obtained from 
G by commuting a p,-pair, then G’ is also a gem and IK(G’)l z IK(G)l. 
Proof Let u’ b’, bk, t’, ~1; (i, Jo A,) be the already used quantities, 
referring to G’, and let the prefix 6 mean the difference of a quantity in G’ 
minus the same quantity in G. 
Assume that {e,, e2} is the pz-pair and that (u,, u’] } (resp. {u2, wz}) are 
the endpoints e, (resp. e2). Without loss of generality fix the colours by 
assuming that e,, e2 are coloured 1 and that U, is joined to u2 (and resp. 
u’i to w2) by a (0, l)-coloured path and by a (1,2)-path; then, U, is joined 
to ~1~ (and resp. u2 to ~1~) by a (1, 3)-coloured path. See Fig. 2a. Figure 2b 
depicts the result of the commutation. 
TOPOLOGICAL ASPECTS OF EDGE FUSIONS 235 
t-----4 0 
-1 
/ 
;a0 a2... 
‘\ 
+’ 
Ul 
/ 
:1 
el 
\ 
+\* w, 
I 
1’ . . . 
-2 
*r--r--*-a 3 
G’ 
: 
Ii;*< h$l;; 
/ +\ 
(a) 
FIGURE 2 
(b) 
Of course, 60 = 6b02 = 66,, = Sb,, = 0. By checking Figs. 2a and 2b, one 
easily gets 6b,, = 6b,, = 1, 6b,, = - 1, whence 6b = 1. Now observe that in 
Gj all four vertices ur, w,, u2, M’,, are in the same component, while in Gi 
vertices U, and u2 belong to a same component and w,, w2 are together in 
a possibly distinct component. Also note that, except for the just- 
considered components, no change may occur, since paths not containing 
e, and e2 are not altered by the commutation This shows that 6tj < 1. By 
a similar reasoning, we obtain 6to = 6ti = 6ti = 0, whence 6tj = 6t = 1. This 
implies that a(G’) = 0, and so G’ is a gem. 
We now reobtain G’ from G by introducing and eliminating dipoles, thus 
proving the statement. 
The pair {e,, e2} is a bond in its %coloured residue. Consider any vertex 
of the pair, ur say, and the two edges a,, a, coloured 0 and 2, respectively, 
incident with u1 . Then also (e?, a,, a21 is a bond in Gj. Introduce a 
l-dipole D-coloured 3 partitioning this bond and preserving the bipartition 
of the graph (see Fig. 3). A 2-dipole D’ with colours 0 and 2 arises, and its 
elimination yields the graph G’. u 
The symbol # stands for connected sum and S’ x S’ is the topological 
product of the l-sphere and the %-sphere. 
LEMMA 9. Let G be a connected bipartite 3-gem containing a p,-pair and 
G’ be obtained from G by commuting the pair. Then 
(i) if G’ is connected, [K(G)1 z IK(G’)I #(S’ x S*); 
(ii) if G’ is not connected, it consists of two components G, and G,. 
Moreover these graphs are 3-gems and [K(G)1 E IK(G,)l # IK(G,)j. 
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,,’ ‘\\ 
i 
'\ 
/I 
'. 
,' 
----__. ..__- -- .' 
FIGURE 3 
Proof Let e,, with endpoints ur, wl, and e2, with end points u2, w2, 
build up the p3-pair. With notation and reasoning analogous to those of 
the preceding proof, we get 6b = 3 = 6t, so G’ is a gem. 
Choose any of the vertices of the pair, ul, say, and let a,, e, , a,, a3 be 
the edges incident to it. Create two new vertices p, q, splitting the edges a,, 
e2, a,, a3 as shown in Fig. 4b to get a graph G” such that G” fus(p, q} 
l -----* 0 
-1 
.++-+a2 
.-x--i-.. 3 
.  .  .  
*A- “‘\ G 
J 
, /  
’ ,’ 
,e.,.-. 
‘t 
‘\ 
Wl w2 
lr 
el *2 
Ul 
(a) (b) 
i\ ,;1” 
c-2 
.,Q‘... -.,*, 
. . . . -n 
. . . 
(cl 
FIGURE 4 
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equals G. Note that G” can be thought of as the result of introducing a 
dipole of type 3 to G’, and so G” is a gem having the same number of 
components as G’. 
Assume that G” is not connected; then lK(G)l is the connected sum of 
the polyhedra associated to its two components at p, q (see [FG, L,]). 
Corollary 1 of [L3] implies (ii). 
If G” is connected, then by Theorem 2 of [Lx], in order to prove (i) we 
need only show that every path from p to q has edges of the four colours. 
In the passage from G to G”, the variations of b and u are respectively 6 
and 2, whence the variation of t is at least 4. Since {p, q)--fusion may not 
decrease the number of i-residues by more than 1, it follows that p and q 
are in distinct i-residues for every colour i; thus, (i) follows. 1 
Let G be a 3-gem and e,, i = 0, 1, 2, 3 be edges in G, ei of colour i. If 
the four edges do not form a bond and each pair of them lies in a same 
2-residue, then {e,, e,, e,, e3 ) is called a (combinatorial) handle. A special 
type of handle arises when two of the four edges, say, ei, ej, have the same 
ends p, q and are both {k, 1 )-diagonals. Here (i j, k, I) is some permuta- 
tion of (0, 1, 2, 3). Take ek to be the k-coloured edge incident to p and e, 
to be the l-coloured edge incident to q. If (ei, e,, e,, e,) is not a bond it is 
clear, by the definition, that it is a handle. In this special case we also say 
that { ej, e,} is a handle and the fusion at p, q is called a handle elimination. 
See [Lx] for more details. 
If 3-gems G and G’ satisfy IK(G)I z /K(G’)] #(S’ x S2), the passage from 
G to G’ is also called a handle elimination and we say that G has lost a 
handle [G4, L,, V,,]. If the ends of e are p and q, let G(fus)e be G fus{p, q). 
THEOREM 10. Let G be a conected bipartite 3-gem and e be a diagonal 
not parallel to any other edge. Then G(fus)e is a 3-gem related to G as 
follows: 
(a) if e is of class ~1, they represent the same manifold; 
(b) if e is of class z;, G has lost one handle; 
(c) if e is of class r:, G has lost two handles, in the case that G(fus)e 
is connected, or [K(G)/ z IK(G,)l # IK(G,)l # (S’ x S’), where G, and Gz 
are the two components of G(fus)e. 
ProoJ: Assume that e is coloured 0. Let u1 and u2 be the endpoints of 
e and e,, ez be the two edges coloured 1 (necessarily distinct) with 
endpoints ui and u2, respectively. 
(a) e is of class t : By adjusting the notation, if necessary, we may 
suppose that e, and ez are contained in the same { 1, 2}-residue (of which 
e is a diagonal). The set {e,, e2} is then a Pz-pair, in which the (0, l)- 
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coloured path joining U, to ua just consists of e. Now, commute this pair. 
The resulting graph still represents lK(G)l by Lemma 8, and e now has a 
parallel edge coloured 1 which, with e, forms a dipole of type 2 (since the 
{ 2, 3 }-residues of ui and u2 remain distinct). Since G(fus)e is recovered by 
eliminating this dipole, part (a) is established. 
(b) Fix the colouring by assuming that e is a diagonal for the { 1,2}- 
and (2, 3}-residues which contain its endpoints. Again {e,, e2} is a p,-pair, 
but now, after commutation, e and the parallel edge form a handle, whose 
elimination yields G(fus)e [G4, L,, Vol. The proof of par(b) is complete. 
(c) {e,, e2} turns out to be a pJ-pair, and the result follows from 
commutation, application of Lemma 9, and handle elimination again. 1 
A minimum gem G is one such that any equivalent gem G’ (this is such 
that IK(G)l E IK( G’)l ) has at least as many vertices as G. An irreducible 
3-manifold is one in which every embedded 2-sphere bounds a 3-ball [He]. 
COROLLARY 11. Let G be a minimum 3-gem representing an orientable 
irreducible 3-manifold. Then the fusion of any edge increases a(G). 
Proof In such a gem, edges of class ri are obviously absent, and edges 
of type pi would make part of a dipole of type 3, contrary to the hypothesis 
of minimality. An edge of class 7: would imply that the represented 
manifold is S’ x S* or a nontrivial connected sum, which is not possible by 
the irreducibility [He]. For the same reasons, no edge can be of classes z:, 
rf, or r:, by Theorem 10. Finally, also an edge of type my, of the first type 
listed in the table in Proposition 5, would be a dipole of type 1. Thus, every 
edge is of class ry and of the second type in the list in that proposition. 1 
Remark. Compare this corollary with Corollary 6. In a sense, there is 
only one type of “bad” edge for 3-gems. But it is easy to get a 3-gem 
representing an arbitrarily given 3-manifold, in which every edge is a bad 
edge. Corollary 11 holds even if the manifold is nonorientable. 
4. EDGE FUSIONS IN PAINTABLE GRAPHS 
A 4-graph G is said to be paintable [L5] if each i-coloured residue, for 
i#O, faithfully embeds [L,, L2] into a 2-sphere (hence represents a 
2-sphere). Note that all gems are paintable. We denote by p* the subclass 
of ‘Z?* consisting of its paintable members. Another way to define Y* is to 
set 
P* := {GEFf’*Ig,(G)=O}. 
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This class contains all the bipartite 3-gems and is closed under fusion of 
0-coloured edges, as is established in the following lemma: 
LEMMA 12. Fusion qf a 0-coloured edge in a member of 9* yields 
another member of Y’*. 
Proof We must show that 6g, = 6gr + g? + gj = 0. We need only prove 
that for graphs in %* each summand is either - 1 or 0. Then the result 
follows, since g, already vanishes for a member of P*. Let v*= (i, j, k ), 
r # 0, and Y be the connected surface of the faithful embedding of the 
i-residue containing the 0-coloured edge e involved in the fusion. In G,, 
this edge may have (a) two parallel edges, (b) one or (c) none. Fusion of 
e produces, in G,, 6v = 2, 6~ = -2, and 
(a) Sb,+66,+6b,,= -3, 
(b) Sbij+6b,+6b,,= -1, 
(c) 6b,=6b,,=0,6bik= kl, 
with the sign depending on whether e is a {,j, k}-diagonal. In case (a), Y 
is a 2-sphere which disappears with the fusion, so the global genus does not 
change. In case (b), the variation of the Euler characteristic of ,4p is null 
and Y remains connected, so 6g, = 0 again. In case (c), if e is not a {j, k}- 
diagonal, then 6% = 2, so that either Y has lost a handle, still remaining 
connected (hence 6g,= - 1 ), or Y has split into two components 3 and 
,4p[L3] (in which case Sg, = 0). 1 
PROPOSITION 13. The effect on 6b0, 6b,, 6t0, 6t,, and 6~ of the fusion of 
a 0-coloured edge in a bipartite graph G of Pp* is as,foIloux 
Shi, 66 ” St- 0 St, 6% 
-3 0 0 0 +1 
-3 0 -1 0 0 
-1 0 0 +1 0 
+l 0 +1 +2 0 
+l 0 0 +2 -1 
f3 0 +2 +3 0 
+3 0 fl +3 -1 
+3 0 0 f3 -2 
-1 -1 0 0 0 
+l -1 +1 +1 0 
+l -1 0 fl -1 
-I -2 0 -1 0 
-3 -3 -1 -3 0 
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Proof By Lemma 12 we preserve only the cases, among those listed in 
Proposition 5, for which 6g, = 0. By Corollary 4, 6a = 6go + 6g,. 1 
Remark. The upper left index in the above list of types r refers to -6~. 
The first two rows, which are also present in Proposition 5, appear inter- 
changed to preserve the increasing order of the upper left index inside the 
block of types 5:. Observe that the triple indexation characterizes the exact 
type of fusion in the class 9*. 
Given a complete fusion sequence of 0-couloured edges in a graph G of 
P*, let ‘hi be the number of edges of type “r: used in the sequence, let 
hj = Ck “111, and let hi = xi h:. 
COROLLARY 14. For any complete fusion sequence of 0-coloured edges in 
a bipartite paintable 4-graph G, the following expressions are constant: 
h, + 2h, + 3h,, 
3hy+h:-h;-3h;+h;-h;+h,+3h,, 
oh~-“h;-20h:-‘h;-oh;+hq, 
-h;-2h:-3h;-h;+h,+h,, 
--‘ho+ ‘,$2+ ‘h3+22h3 + ‘h’, 
1 1 I 1 2 
They are equal, respectively, to the numbers b,, bg, to, to, and a of G. 
Proof As for Corollary 7, the statement is proved by analyzing each 
column of the table in Proposition 13 and gathering the subclasses with 
constant values of the various differences 6. i 
A crvstalization is a 4-edge-coloured graph for which t = 4 and b = v + 4. 
COROLLARY 15. In every crystallization of an orientable 3-mantfold, the 
following equality holds: 
-h,+h,+2h,=2. 
Proof The sum of the fourth and the fifth minus the third expression 
in the previous corollary yields u + to - to, which simplifies to the stated 
formula since o! = 0, to = 3, tg = 1 in every 3-manifold crystallization. 1 
Given a paintable graph G we construct a painting of G, 
P(G) = (F, , F,, Fj), as follows [Ls]: each F, is a bipartite graph embedded 
in the plane, whose edges are labeled by the 0-coloured edges of G in l-l 
correspondence; its vertex set is Viu Vi+, (sum mod 3), where Vi 
(i= 1, 2, 3) is the set of (0, i}-residues (cycles) of G. For each 0-coloured 
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edge e of G there is an edge between the (0, i)- and (0, i + 1 }-residues con- 
taining e. The planar embedding comes from a partial dual of the planar 
faithful embedding of Gi, j= i + 2 mod 3. Each Fi is called a fold of P(G) 
and is obtained from Gi in a simple way. See [L5] for more details and a 
formal definition. We do not need the orientability for the next proposition 
and its corollary. 
PROPOSITION 16. For a 0-coloured edge irt a paintable 4-graph G, its 
class in G and its appearance in folds of P(G) are matched as follows: 
t; (j=O, 1,2,3) nonpendent isthmus in j folds, not an 
isthmus in the remaining 3 -j folds; 
r: (j=O, 1) pendant isthmus in two folds, not an 
isthmus (if ,j= 0) or nonpendant 
isthmus (if j = 1) in the remaining 
fold 
0 
z3 isolated in precisely one fold 
0 
t4 isolated in all three folds. 
Proof: Just observe that an isthmus in some fold is the image of a 
0-coloured edge which is the diagonal in the corresponding 3-residue. 
Moreover, a monovalent vertex corresponds to a 2-residue formed by a 
0-coloured edge and one parallel edge. l 
COROLLARY 17. Given any paintable 4-graph G, the following partial 
order exists, where a path goes from T to z’ iff a 0-coloured edge of class T 
can become of class 5’ after a sequence of fusions of other 0-coloured edges: 
Proof: By [L,, Proposition 31, fusion of a 0-coloured edge means 
the deletion of its three images in P(G). Then the proof becomes 
straightforward in view of Proposition 16 and by the planarity of the folds 
of a painting. 
We just comment on the unique noncomparable pair: an edge of class 2: 
corresponds to a nonpendant isthmus in the three folds. Therefore, no edge 
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deletion in the folds will make it a nonisthmus, as required for an edge of 
class 5:. On the other hand, a class r: edge is pendant in the two folds; 
therefore it cannot become nonpendant. 
To show that all the arrows are possible we refer to [L5], the painting 
shown in Fig. 6a of [L,, p. 131. Initially we remove from it the three 
images of edge E’; then 
(i) by removing the images of A’, edge D’ is an example of T: + T t ; 
then 
(ii) by removing the images of B’, edge D’ is an example of T: + r: ; 
then 
(iii) by removing the images of D”, edge D’ is an example of 
T: + ri; then 
(iv) by removing the images of B”, edge D’ is an example of 
7r: + tk; then 
(v) by removing the images of F”, edge D’ is an example of 
rcl+ ri; then 
(vi) by removing the images of A” and E”, edge D’ is an example 
Of T;+T!$ 
(vii) moreover, if in step (iii), instead of removing the images of D”, 
we remove the ones of A”, then edge F” is an example of r: + r:; then 
(viii) by removing the images of F’, edge F” is an example of 
T; + 5;. 
Therefore, all the eight kinds of arows are possible. The corollary is 
established. 1 
We wish to thank the referees for the valuable suggestions. 
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